We express the defining relations of the q-deformed Minkowski space algebra as well as that of the corresponding derivatives and differentials in the form of reflection equations. This formulation encompasses the covariance properties with respect the quantum Lorentz group action in a straightforward way.
The q-deformation of the Lorentz group and Minkowski space has been the subject of active research in the last few years [1, 2, 3, 4, 5] . Its interest stems from the fact that any physical application of quantum groups to problems related with spacetime symmetries requires an understanding of the possible non-commutative geometry of spacetime. This demands that the action (coaction) of the quantum Lorentz group L q on the q-Minkowski space M q is defined in a way which is consistent with its non-commuting properties. This letter is devoted to showing that the reflection equations (RE) (see [6, 7, 8, 9, 10] and refs. therein) provide the adequate general framework for such a purpose, from which the commutation relations among coordinates and derivatives (and some other properties) can be extracted easily. This is because reflection equations, being a consistent extension of the Yang-Baxter equation (YBE) R 12 (u)R 13 (u + v)R 23 (v) = R 23 (v)R 13 (u + v)R 12 (u) ,
give rise to algebraic structures closely related with quantum groups. In this paper, as in the theory of quantum groups corresponding to simple Lie groups and algebras, we will consider only constant solutions to the YangBaxter equation (1) which do not depend on the spectral parameter u. Hence the reflection equations will also be spectral parameter independent [7, 8, 9 , 10]
where R (i) are appropriate constant solutions of the YBE (1) . Having in mind the application of reflection equations to q-deformed Minkowski spaces we restrict ourselves to the case where all four R-matrices in (2) are expressed in terms of the quantum group GL q (2) R-matrix
The quantum group theory gives rise to an increasing number of explicit examples of non-commutative geometry (see e.g. [12] ). In particular the important physical question of the q-deformation of the Lorentz group and Minkowski space is discussed in a few papers (see [1, 2, 3, 4, 5] and references therein). The starting point of the latter ones is the relation of the Lorentz group L to SL(2, C) [1] and the spinorial construction of the Minkowski space coordinates x µ [2, 3, 4, 5] . We will show that it is possible to use for the definition of a q-deformed Minkowski space the well-known matrix relation expressing the 2 → 1 homomorphism between SL(2, C) and the Lorentz group,
in the framework of the R-matrix formalism [11, 8] and reflection equations, translating in this way to the deformed case the covariance properties of σ µ x µ expressed by (4) . In this manner, the statement of [9] on the equivalence of the sl q (2)-reflection equation algebra and the q-Minkowski space algebra M q [2] is demonstrated explicitly. By extending the method to the algebra of derivatives and differentials we shall be able to find compact, simple expressions for their respective commutation relations in a natural way, clarifying the source of the possible ambiguities in them as well as the relations among the results of different authors. In order to q-deform the transformation (4) we propose to consider instead of σ µ x µ a 2×2 matrix K, the entries of which are the generators of the q-Minkowski space algebra in question. Following [2, 4] we introduce two isomorphic but mutually non-commuting copies of the quantum group SL q (2, C). The commutation relations among these quantum group generators (a, b, c, d; a,b,c,d) in matrix form [2, 5] look like this:
where
andM is used for an isomorphic copy of SL q (2, C) with generatorsã,b,c,d
(ãd − qbc = 1). We use the standard notations for the YBE and the quantum group theory (cf. [11, 12] ) e.g.
The transformation of the generators (α, β, γ, δ) of a q-Minkowski space algebra M q is written as (cf. eq. (4))
where it is assumed that the entries of K commute with those of M andM . If the reality conditionM −1 = M † (which in the q=1 case gives (D 0,
† for the two fundamental representations of the Lorentz group) is imposed on (8) , then this equation realizes the action 1 of the q-Lorentz group L q on the entries of K much in the same way as for the q=1 case this equation implements the classical homomorphism SL(2, C)→ L. The action (coaction) (8) is extended to any element of the Minkowski algebra M q by the requirement of being an algebra homomorphism (e.g. φ(αβ) = φ(α)φ(β)). The next important requirement is the covariance property of the algebra M q with respect to (8) . This means that transformed generators α ′ , ..., δ ′ , e.g.
etc, must satisfy the same relations as the original ones. Such relations among α, ..., δ are given by the reflection equation (2) with appropriate matrices R (i) [7, 9] :
where 1 We use freely the word 'action', although in the Hopf algebra theory the map φ : M q → L q ⊗ M q is referred to as a coaction.
and P is the permutation operator. In C 2 ⊗C 2 , in the basis (e 1 ⊗ e 1 , e 1 ⊗ e 2 , e 2 ⊗ e 1 , e 2 ⊗ e 2 ) it is given by
The identification of the Minkowski algebra M q with the associative reflection equation algebra (REA) defined by the relations (10) guarantees the covariance of the commuting properties of the q-Minkowski 'coordinates' with respect to the coaction (8) (i.e., with respect to L q ). In terms of the entries of K [7, 9, 14] (λ=q − q −1 ) the commutation relations read αγ = q 2 γα ,
To see explicitly that equation (10) is invariant under the coaction (8) it is sufficient to write (10) for K ′ =MKM −1 and then check, using the defining relations (5-7), that the additional factors
cancel out reproducing again eq. (10) for K.
The centrality of the following two elements of M q
easily follows from the invariance property of the q-trace [11, 12, 10] .
with respect to the quantum group coaction
This is easily seen from the transformed RE (10),
taking into account that R 12 and R
−1
21 give the representations of the quantum group (5) as 2×2 matrices in the first space of C 2 ⊗C 2 and taking the q-trace of (17) with respect to the first space:
(commutativity of c 1 with all generators of M q ). As for c 2 , it can also be expressed in terms of q-traces,
from which its centrality follows taking into account that, for any integer n, eq. (10) implies that (8) with (16); it is, of course, invariant with respect the SU q (2) coaction for which M † = M −1 ). In contrast, the q-determinant c 2 of K is L q -invariant and may accordingly be used to define the q-Minkowski length and metric. To see its invariance, it is useful to write it in matrix form [7] , using the q-antisymmetrizer (a rank one projector P − (q):Ř = PR 12 = qP + − q
The latter expression transforms under the coaction (8)
where a consequence of (7) was used,
as well as the matrix definition (det q M) P − = P − M 1 M 2 P − of the q-determinant of the quantum group GL q (2). Once these q-determinants are set equal to 1 the invariance of c 2 follows.
As it was mentioned, using the reality conditionM −1 =M † , the coaction (8) may be written as K ′ = MKM † . This means that, since the conjugate (star * ) operation is an antiautomorphism ((ab) * =b * a * , etc.) the reality of the q-Minkowski space may be expressed as in the classical case by the hermiticity of K, K=K † , a requirement which is consistent with the coaction (8) and the RE (10). Indeed, eq. (10) goes to itself after hermitian conjugation using that R † 12 =R 
The comparison with [5] requires introducing the q-sigma Pauli matrices σ µ q , which depend on q and are q-tensors with respect to the quantum algebras su q (2) and sl q (2). This will be discussed in a forthcoming paper [13] in detail.
The algebra of q-derivatives D q , which is a cornerstone in a definition of a q-deformed Poincaré algebra [3] , can also be written in a REA form. To this aim we could again use the coaction (8) and the reflection equation (10) . Nevertheless, in order to have the simplest correspondence with the basis used in [3] , we introduce a 2×2 matrix Y satisfying
The entries of Y are the q-derivatives in question. These relations (24) are invariant with respect to the following quantum Lorentz group L q coaction:
This invariance is easy to check by multiplying (24) byM 2M1 from the left and by M −1
from the right and by using (6), the inverse of (5) and the transformed (7):
The identification of the algebra D q generators with the derivatives
The REA (24) gives a compact form for their commutation properties (see eq. (5.2) in [3] ). As in the previous case (cf. eqs. (13), (14)), the REA properties [7, 10] give the centrality of two elements of D q
and the invariance of the latter one, q-D'Alembertian operator (cf. [3] ) which may be used to introduce a q-Klein-Gordon equation.
The algebra of q-derivatives D q is isomorphic to the previous algebra M q −1 under the map
where the properties of the SL q (2, C) matrix R are used
σ 1 being the usual Pauli matrix. The coactions (8) and (25) are defined by the same q-Lorentz group. To show this, we have to connect the generators M ij (M −1 ) kl from (8) with those M st (M −1 ) mn from (25). To this end, one has to use the defining relations (7) and the well-known q-metric tensor for GL q (2),
The linear connection among of the different sets of the q-Lorentz generators isŘ
2 . Hence both coactions are defined by the same quantum group. Moreover, the reality condition for (25), M −1 =M † , is the same as for (8) 
. We have to find now the relations between the generators of D q and M q which are invariant with respect to the coactions (8), (25). Their commutation relations must be inhomogeneous since they have to reproduce in the q→1 limit the classical ones,
These mixed relations can be written also in the form of a RE with a constant term (inhomogeneous RE)
The constant 4 × 4 matrix J is fixed (with some ambiguity, see below) by requiring its invarianceM
and the classical correspondence for q →1. From (7) one finds
where the coefficient η is set equal to q 2 to have the same sixteen relations as (5.1) of [3] with the identifications (23), (27). The r.h.s. of (33) was taken in this way to simplify the comparison with [3] . But redefining the matrix Y by the factor q αN , Y ′ =q αN Y , where N is a grading operator for M q (i.e., satisfying [N, K]=K), it is possible to obtain any other factor. Multiplying eq. (33) by q αN it gives
where Y ′ still satisfies (24). Although the inhomogeneous term is modified, eq. (36) still provides the desired classical limit. We note that the consistency of the defining relations (17, 24, 33) with associativity, which here could be checked using only the previous matrix formalism and the YBE for the R matrix (3), follows from the correspondence with [3] .
As we have seen, we may have the same reality conditions for M q and D q (i.e., K † =K, Y † =Y ). It should be noticed, however, that more elaborated, non-linear expressions still respecting the covariance (as for instance Y † =Y + λY KY ) are also possible, although their consistency with the defining relations (24, 33) is not a priori evident. As for the hermitian conjugation, the inhomogeneous equation (33) is not invariant. As a result, the * operation for D q is up to now a rather elaborated one and the conjugated q-derivatives are expressed non-linearly in terms of Y and K according to [3] .
It is also possible to introduce in the framework of non-commutative geometry on q-Minkowski space an algebra of q-one-forms with generators dα, ..., dδ (dK in matrix form), where d is the exterior derivative with the usual properties of nilpotency, linearity and non-deformed Leibniz rule [3] . The corresponding commutation relations among q-one-forms and 'coordinates' (the sixteen relations (B.1) and ten (B.5), (B.6) of [3] ), as well as those with the q-derivatives, can be written as RE for K and dK, dK and dK, Y and dK as
(37) while the expression for the exterior derivative operator can be given in terms of the q-trace (15),
It is worth mentioning that it is possible to replace in each side of equations (10), (24), (33) and (37) one of the matrices R ij by R −1
ji . By doing so, a second consistent covariant calculus may be introduced which reproduces the formulae (B.3), (C.5) and (C.7) of [3] related to the conjugated generators, but we shall not discuss this further here.
To conclude, we would like to make some general comments and remarks. From a physical point of view, it is important to discuss the applications of the q-deformation of a 'classical' theory. Finding the deformation is already a difficulty in itself, since in many instances there is not a unique prescription to q-deform a classical structure. This is the case for the inhomogeneous Lie groups, for which the Drinfel'd-Jimbo or FRT prescriptions, valid for simple groups, are absent. Also, for quantum groups there are more possibilities for q-homogeneous spaces than there are for Lie groups (this is the case for the SU q (2) q-spheres). In the present discussion of q-Minkowski space and related algebras, we have also encountered a few relations which allow for different, consistent expressions with the same q →1 limit.
From the point of view of exploiting the covariance properties of the algebras treated in this paper, it would be more appropriate to discuss the quantum algebra aspects rather than the quantum group ones, since in the first instance there is a finite set of independent non-commuting generating elements (the matrix elements of K, Y , etc) while the entities of the second are new ones unrelated to them. For instance, the q-relativistic invariant operators constitute an example of a direct application of the M q and D q algebras once a proper basis has been chosen (see, e.g. the invariant q-Klein-Gordon operator in (28); a q-Lorentz covariant q-Dirac operator is obtained similarly). The definition of the q-Lorentz algebra l q generators and their action on the elements of M q or, better, their commutation relations with generators of M q and D q , could be given by the duality of the Hopf algebras L q ∼ (l q ) * and the coactions (8), (25).
Coming back to the physical problems, the simplest application of a qMinkowski space would be the 'q-relativistic' particle. The multiparticle interpretation requires endowing the M q algebra with the structure of a Hopf algebra or a twisted (braided) Hopf algebra (cf. [3, 10, 15, 16] ). Finally, we wish to mention that the essential ingredients for implementing a coaction consistent with an associative non-commuting algebra, eqs. (8, 10) and their analogous, are also valid for other q-groups defined through (5, 6, 7) . This and some of the previously mentioned extensions will be presented elsewhere [13] .
